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Abstract. Using ideas underlying the flavour-blind “Nijmegen Unitarised Meson Model” (NUMM)
[1, 2, 3] we try to understand on the basis of a system of Schrödinger equations with one meson-
meson and one (spinless) quark-antiquark channel coupled by a simple delta-shell transition poten-
tial the formation of (e.g. scalar) meson-meson scattering singularities in the complex momentum
and energy plane. Surprisingly we are able to describe without direct meson-meson interaction and
without any need for glueballs the whole known scalar meson spectrum. “Light” scalar mesons (e.g.
f0(600), κ(800), f0(980), a0(985), D∗0(2290), . . .) are identified to belong to the spectrum of the
transition potential, while “heavy” scalars (e.g. f0(1370), K∗0 (1430), f0(1500), f0(1710), a0(1450),
D∗0(2621) (?), D∗0(2825) (?), D∗sJ(2928) (?), . . .) are related to the confinement spectrum. Due to
the particular value of the charm-strange reduced quark mass level-(anti)crossing in the complex
momentum plane [4] occurs which relates the BABAR state Ds(2317) [5] to the bare groundstate
of the confinement spectrum, while the respective groundstate of the transition potential ends up as
D∗sJ(2782) (?). We conclude with a short comment on (our) recent progress in the consistent quan-
tum field theoretical effective description of resonances within a Lagrangian framework [6, 7, 8].
Hadronic excitations with scalar quantum numbers are a topic of heated dispute [9].
Unitarized coupled channel approaches as the one discussed here (see e.g. Ref. [10] and
references therein) are particularly useful to understand the non-perturbative formation
and nature1 of (e.g. scalar) meson-meson scattering singularities in the complex mo-
mentum or energy plane, which then may enter as effective degrees of freedom with
complex mass and coupling parameters effective Lagrangians describing — according
to the “bootstrap” idea — meson-meson scattering already at tree level2. For a spheri-
cally symmetric situation we couple — in the simplest case — one Schrödinger equa-
tion describing a “bound” quark-antiquark system (confining potential VB(r)) to one
Schrödinger equation describing a meson-meson scattering continuum by a transition
1
“Heavy” scalars are — disregarding glueballs — mainly associated to the spectrum of the confining
quark-antiquark interaction used (e.g. a harmonic oscillator potential), while “light” (dynamically gener-
ated [11]) scalars were identified by the author (see e.g. the comments in Refs. [10, 12]) to belong to the
spectrum of the meson-(anti)quark transition potential (being to a good approximation of 3P0-type).
2 The Lagrangian of the Quark-Level Linear Sigma Model (QLLσM) [13, 11, 14] (and references therein)
has not only been shown to be an excellent canditate to achieve this task as it reproduces with a minimum
of parameters at tree-level a broad spectrum of experimental facts (including the correct prediction of the
mass of the now experimentally confirmed κ(800)-meson) and allowed us to gain some insight in the
quark-content of scalar mesons [15], yet could be also “derived” [6] from the Lagrangian of QCD. This
“derivation” shows that “glueballs” and “quark-antiquark excitations” seem to be synonymous.
potential denoted by VT (r). I.e., we consider the the following coupled system of radial
Schrödinger equations (k := kS := (2 µS (E−E (0)S ))1/2, kB := (2 µB (E−E (0)B ))1/2):(
d2/dr2−L(L+1)/r2−2 µS VS(r) + k2S
)
ψS(r) = 2 µS VT (r) ψB(r) ,(
d2/dr2− ℓ(ℓ+1)/r2 −2 µB VB(r)+ k2B
)
ψB(r) = 2 µB VT (r) ψS(r) ,
with ψS(0) = 0 and ψB(0) = 0. Even though a majority of publications is trying to
find the source of “light” scalars in the meson-meson scattering potential VS(r), we
are disregarding this interaction in what follows completely (i.e. we set VS(r) = 0).
The conveniently normalized3 eigensolutions φn,ℓ(r) of the “bound” system for vanish-
ing transition potential (i.e. VT (r)=0) correspond to the respective eigenvalues kB,n,ℓ =
(2 µB (EB,n,ℓ−E (0)B ))1/2. After integrating the “bound” problem using a Green function4
Gℓ(r,r′;E−E(0)B ) and reinserting it into the “scattering” problem we arrive at the fol-
lowing generalized scattering problem (with E = (k2 +m21)1/2 +(k2 +m22)1/2 ):
(d2/dr2−L(L+1)/r2+k2)ψS(r)=−2µS ∑ℓVT (r)
∫
∞
0 dr′Gℓ(r,r′;E−E(0)B )VT (r′)ψS(r′).
Now we will approximate astonishingly well the 3P0 transition potential by VT (r) =
2gT (2 µ(E)/(2 µS))1/2 δ (r− a) with 2 µ(E) = ∂k2/∂E = (E4 − (m21 −m22)2)/(2E3)
being the relativistic meson-meson phasespace, and hence reduce the generalized scat-
tering problem to a (radial) scattering problem at an effective δ -shell described by the
Schrödinger equation K2 ψL (ρ)=
(−d2/dρ2 +L(L+1)/ρ2 +g δ (ρ−1)) ψL (ρ) (∗)
with ρ := r/a, K := ak, ψL (ρ) := ψS,L (r). With λℓ := 2gT (a Gℓ(a,a;0))1/2 and
Bn,ℓ := (aφn,ℓ(a)φ∗n,ℓ(a))/(a Gℓ(a,a;0)) the dimensionless coupling g displays the
structure of the “Resonance Spectrum Expansion” (RSE) [16] of Rupp & van Beveren:
g = 2 µ(E) ∑
ℓ
λ 2ℓ
∞
∑
n=0
Bn,ℓ
E−EB,n,ℓ
≃ 2 µ(E) ∑
ℓ
λ 2ℓ
(
N
∑
n=0
Bn,ℓ
E−EB,n,ℓ
−1
)
.
By construction there holds ∑∞n=0 Bn,ℓ (E(0)B − EB,n,ℓ)−1 = −1. The original idea of
the RSE [16] was to consider the parameters Bn,ℓ, EB,n,ℓ, λℓ as free parameters to fit
selective meson spectra conveniently. Empirically it has become clear [16, 17] that
the parameters λℓ and Bn,ℓ should be considered as “universal” for many different
meson spectra provided the product a√µB is kept “universal”5. In the results displayed
below we adopted the philosophy of the NUMM to describe all meson-spectra on the
3 Orthonormality:
∫
∞
0 dr φ∗m,ℓ(r) φn,ℓ(r) = δmn; completeness: ∑n,ℓ φn,ℓ(r) φ∗n,ℓ(r′) = δ (r− r′).
4 Green function: Gℓ(r,r′;E−E(0)B ) =−2 µB ∑n,ℓ φn,ℓ(r) φ∗n,ℓ(r′) (k2B− k2B,n,ℓ+ iε)−1.
5 To keep a√µB constant became clear from calculations performed in e.g. Ref. [1, 2] based on a transition
potential VT (r) = gω ρ−10 δ (r
√µB ω − ρ0) V int = g(µB a)−1 δ (r − a) V int successfully applied to a
wide range of vector meson spectra. This transition potential was a simplified version of the harmonic
oscillator form of the 3P0 transition potential inferred by G. Rupp [1] and successfully applied within
the NUMM [1, 2, 3] in the representation [VT (r)]i j = g˜ω ci j (E/E(0)S )1/2 (r/r0) exp(−(r/r0)2/2) with
r0 := ρ0 (µB ω)−1/2. The flavour-blindness [10] of QCD is reflected here not only by the recoupling
coefficients ci j (or V int ) [1, 2, 3, 18] but also by the “universal” values for ρ0 and ω ((µB ω)−1/2 has the
basis of a harmonic oscillator potential6 with an “universal” oscillator frequency ω =
190 MeV, and constituent quark masses [14] mu = md = 337 MeV, ms = 1.44mu, mc ≃
mD = 1865 MeV. Hadronic resonances in meson-meson scattering are then determined
for Eq. (∗) by solving the respective resonance condition cotδL = i with7 cotδL =
(nL(K)/ jL(K))−K/(g ( jL(K))2). As in Ref. [16] we will choose for the description
of scalar mesons (L = 0) a RSE with two P-wave (ℓ = 1, N = 1) bare quark-antiquark
(qq¯ ′ ) states in each meson-meson (M M ′ ) scattering channel. Hence, the respective
RSE resonance condition to be solved in each meson-meson scattering channel is8
2 iK
1− exp(2 iK) ≃ 2 µ
qq¯ ′
M M ′(K)λ 2
(
B0,1(ρ¯)
E qq¯
′
M M ′(K)−EB,0,1
+
B1,1(ρ¯)
E qq¯
′
M M ′(K)−EB,0,1−2ω
−1
)
.
Up to now the bare groundstates of the harmonic oscillator have to be determined em-
pirically. Here we choose9 EB,0,1 = 1310 MeV [16] for S-wave pipi-, KK(I = 0)-, piK-,
piηnn¯-scattering, EB,0,1 = 2440 MeV for S-wave Dpi-scattering, and EB,0,1 = 2545 MeV
[17] for S-wave DK-scattering. aus¯ and ρ¯ are then determined such that for given λ
the mesons κ(800) (pole-position (714− i228) MeV [16]) and f0(980) (pole-position
980 MeV) are reproduced simultaneously. In a good approximation f0(980) is here as-
sumed to be purely strange [15]. In using mpi = 140 MeV and mK = 494 MeV we obtain
the approximate result aus¯ ≃ 2.55357 GeV−1 and ρ¯ ≃ 1.45555 yielding immediately
B0,1(ρ¯) ≃ 0.285546 GeV, B1,1(ρ¯) ≃ 0.0166127 GeV, and λ ≃ 1.11572 GeV−1/2. On
the basis of these parameters and mηnn¯ = 757.9 MeV (for a mixing angle of 41.84◦
in nn¯-ss¯ basis [19]) we can determine the solution of further selective RSE resonance
conditions of interest in choosing e.g. M,M′ ∈ {pi ,ηnn¯,K,D, . . .}10. For S-wave piK-,
Dpi-, and DK-scattering the results are illustrated graphically in Fig. 1. In all cases there
meaning of an oscillator length). In the RSE (E/E(0)S )1/2 finds the interpretation of the square root of the
relativistic meson-meson phasespace, as 4 µ(E)/E(0)S = (E4−(m21−m22)2)/(E3 (m1+m2))
m1=m2−→ E/E(0)S .
6 For the harmonic oscillator potential VB(r) = 12 µB ω2 r2 we have EB,n,ℓ−E
(0)
B = ω
(
2n+ ℓ+ 32
)
and
Bn,ℓ(ρ¯) =
2ω
√
pi
Γ
( 1
2
(
ℓ+ 32
))
Γ
( 1
2
(
ℓ+ 52
))
(
ρ¯2/2
)ℓ+ 12 e−ρ¯2
I 1
2 (ℓ+
1
2 )
(ρ¯2/2) K 1
2 (ℓ+
1
2 )
(ρ¯2/2)
Γ
(
ℓ+ 32
)
n!
Γ
(
n+ ℓ+ 32
) ∣∣∣∣L(ℓ+ 12 )n (ρ¯2)
∣∣∣∣
2
.
Here we defined an “universal” parameter ρ¯ := a (µB ω)1/2, while Iν(z) and Kν (z) are modified Bessel
functions, and L(α)n (z) are standard generalized Laguerre polynomials.
7 S-wave (L= 0) meson-meson scattering yields i=−cotK−K/(g sin2 K) ⇔ g= 2 iK/(1−exp(2 iK)).
8 Here we defined λ := λ1, E q q¯
′
M M ′(K) := ((K/aq q¯ ′)
2 +m2M)
1/2 +((K/aq q¯ ′)2 +m2M′)
1/2
, and µ q q¯
′
M M ′(K) :=
((K/aq q¯ ′)2 +m2M)1/2 ((K/aq q¯ ′)2 +m2M′)
1/2/E q q¯
′
M M ′(K).
Note that ann¯
√µuu¯ = ass¯√µss¯ = aus¯√µus¯ = acs¯√µcs¯ = ac ¯d
√µc ¯d with µq q¯ ′ := mq mq¯ ′/(mq +mq¯ ′).
9 Note that k ≃ 766 MeV ≃ 4ω resulting from EB,1,1 seems to be to a good approximation “universal”.
10 For S-wave pipi-, KK(I = 0)-, piK-, piηnn¯-, Dpi-, and DK-scattering we find the following pole po-
sitions in the complex energy plane: pipi-scattering: (516− i 412) MeV ( f0(600)), (1385− i 81) MeV
( f0(1370), Edressed0,1 ), (1694− i 4) MeV ( f0(1710), Edressed1,1 ); KK(I = 0)-scattering: 980 MeV ( f0(980)),
351 MeV (Virtual BS), (1452− i 191) MeV ( f0(1500), Edressed0,1 ), (1692− i 11) MeV ( f0(1710), Edressed1,1 );
piK-scattering: (721− i 215) MeV (κ(800)), (1404− i 130) MeV (K∗0 (1430), Edressed0,1 ), (1694− i 7) MeV
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FIGURE 1. Propagation of poles for increasing λ 2 in the complex K-plane. Solid lines: curves with
Im[λ 2] = 0. “T = 0” indicates a zero of the amplitude due to vanishing phasespace (≃ “Adler-zero”).
Resonances at λ ≃ 1.11572 GeV−1/2 are denoted by •. S-wave scattering: piK: κ(800), K∗0 (1430),
K∗0 (1694) (?); Dpi : D∗0(2290), D∗0(2621) (?), D∗0(2825) (?); DK: Ds(2317), D∗sJ(2782) (?), D∗sJ(2928) (?).
starts for λ = 0 (⇒ g = 0) a δ -shell pole trajectory at K = pi/2− i ∞. For g → ∞ this
pole should behave like a particle in a box and end up at K → pi . Instead, it collides
for increasing λ with the pole stemming from the bare groundstate of the confinement
problem and gets deflected either to the “left” (piK, Dpi) or to the “right” (DK)11.
(Edressed1,1 ); piηnn¯-scattering: (960− i 107) MeV (a0(985)), (1423− i 161) MeV (a0(1450), Edressed0,1 ),
(1693− i 8)MeV (Edressed1,1 ); Dpi-scattering: (2073− i 70)MeV (D∗0(2290)), (2621− i 163)MeV (Edressed0,1 ),
(2825− i 13) MeV (Edressed1,1 ); DK-scattering: (2782− i 166) MeV (D∗sJ(???)), 2244 MeV (Ds(2317),
Edressed0,1 ), 1907 MeV (Virtual BS, Edressed0,1 ), (2928− i 20) MeV (Edressed1,1 ).
11 Consequently, the origin of “light” scalar mesons, the strong distortions of the groundstates of the
“observed” confinement spectrum, and the absence of “light” non-scalar mesons for realistic transition
potentials (due to the centrifugal barrier) get a nice explanation. The flavour content for f0(600), f0(980),
f0(1370), f0(1500) is well consistent with Ref. [15], while observed pole-positions correspond nicely to
values obtained for a realistic transition potential [3]. The too large imaginary part of the f0(600) pole is an
artefact of the used one-channel model. Furthermore, we observe a twofold nature of the f0(1710) being
at the same time nn¯ (relation to f0(600)) and ss¯ (relation to f0(980)). The BABAR state Ds(2317) [5] and
BELLE state D∗0(2290) [20] are reproduced, while the respective next higherlying states are predicted to
Shortly we address effective Lagrangian approaches: scalar mesons are characterized
within a Lagrangian close to bootstrap typically by complex mass and coupling param-
eters to be determined by a coupled channel approach. The formalism to describe fields
within a non-Hermitian Lagrangian has been provided [6, 7, 8]. The QCD-Lagrangian
has been mapped [6] into a QLLσM-Lagrangian replacing the gluon-quark interaction
g qc+(x) 6A(x)q−(x) by a non-Hermitian meson-quark interaction. The resulting scalar-
meson-quark interaction i
√
2NF/Nc g qc+(x)S(x)q−(x) yields an asymptotic free theory
which is PT -symmetric [21] admitting a real spectrum and a probability interpretation.
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